In this paper, we consider the dividend payments prior to absolute ruin in a Markovian regime-switching risk process in which the rate for the Poisson claim arrivals and the distribution of the claim amounts are driven by an underlying Markov jump process. A system of integro-differential equations with boundary conditions satisfied by the moment-generating function, the n th moment of the discounted dividend payments prior to absolute ruin and the expected discounted penalty function, given the initial environment state, are derived. Then, the matrix form of systems of integro-differential equations satisfied by the discounted penalty function are presented. Finally, we obtain the integro-differential equations satisfied by the time to reach the dividend barrier.
Introduction
In recent years, ruin theory under regime-switching model is becoming a popular topic. This model is proposed in Reinhard [1] and Asmussen [2] . Asmussen calls it a Markov-modulated risk model. The purpose for this generalization is to enhance the flexibility of the model parameter settings for the classical risk process. This model can capture the feature that insurance policies may need to change if economical or political environment changes. There are many papers published on ruin probabilities and the related problems under the Markov regime-switching risk model. For example, Lu and Li [3] study ruin probabilities under this model. Ng and Yang [4] obtain an upper bound for the joint distribution of surplus before and at ruin under the regime-switching model by using a martingale approach. Ng and Yang [5] present some explicit results for the joint distribution of surplus before and at ruin under this model in the cases of zero initial surplus and phase type claim size distributions, respectively. Li and Lu [6] investigate the moments of the dividend payments and related problems in a Markov-modulated risk model. Lu and Li [7] and Liu et al. [8] consider a regimeswitching risk model with a threshold dividend strategy. Zhu and Yang [9] study a more general Markovian regime-switching risk model in which the premium, the claim intensity, the claim amount, the dividend payment rate and the dividend threshold level are influenced by an external Markovian environment process. Wei et al. [10] consider the Markov-modulated insurance risk model with tax. However, there is no work that deals with the absolute ruin in a regime-switching risk model. This motivates us to investigate such a risk model in this work.
Due to its practical importance, the issue of absolute ruin problem has received attention in risk theory. Zhou and Zhang [11] got the explicit expression of the absolute ruin probability for the classical risk model with exponential individual claim by using the Markov property. Cai [12] defined Gerber-Shiu function at absolute ruin and derived a system of the integro-differential equations satisfied by the Gerber-Shiu function. Yuan and Hu [13] investigate the absolute ruin in the compound Poisson risk model with nonnegative interest and a constant dividend barrier. Wang and Yin [14] studied the dividend payments in the classical risk model under absolute ruin with debit interest. Wang et al. [15] considered the dividend payments in a compound Poisson risk model with credit and debit interest under absolute ruin. Now denote by   ( ); 0 J t t  the external environment process, and suppose that it is a homogeneous, irreducible and recurrent Markov process with a finite state space
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Substituting (2.7) into (2.6), dividing both sides by t, and letting , we obtain (2.1). 
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is the time of the first claim. we obtain (2.12). Theorem 2.2 is proved.
Higher Moment of the Dividend Payments
By the definitions of  
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Substituting (3.1) and (3.2) into (2.1) and (2.2), respectively, and comparing the coefficients of y n yield the following integro-differential equations: 
Letting in (3.3) and in (3.4) and using (3.7), we obtain, for
Expected Discounted Penalty Function
In this section, we derive integro-differential equations for the expected discounted penalty function.
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